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Abstract:   This paper presents the self-tuning control method 

for the rotation type inverted pendulum that the momentum of 
inertia of the pendulum part changes widely. The control system 
prepares two kinds of adaptive controllers, and the stabilization of 
inverted pendulum is achieved by separating the control mode to 
two stages. The rotational angle of the pendulum is stabilized by 
VSS (Variable Structure System) adaptive control method to 
unknown parameter system at the first stage, and whole basic 
parameters are simultaneously estimated in the parameter 
estimation system. After the eigenvalue of the inverted pendulum 
system converge sufficiently, the controller is changed to LQ 
(Linear Quadratic) control at the second stage. It is verified by the 
practical experiment that the proposed self-tuning strategy is very 
useful as one of the on-line tuning method. 
Key words:  inverted pendulum  self-tuning control  
    VSS adaptive control  recursive estimation   eigenvalue 
 
1.   Introduction 
 
    So many papers with respect to the stabilization of the 
inverted pendulum are reported, because it is typically 
unstable system and is well used as example to verify many 
control theories. However, few approaches consider the 
inverted pendulum as unknown parameter system. Slotine 
and Li [1] proposed adaptive sliding controller that satisfies 
the desirable properties to nonlinear system having  
unknown parameters, and proved the validity of the 
innovative method to the robot manipulator control. 
Furthermore, T.-P. Leung , et al. [2] proposed AVSMFC 
( Adaptive Variable Structure Model Following Control) to 
nonlinear robot system with unknown parameter. Yamakita 
and Furuta [3] proposed a VSS adaptive control method for 
the inverted pendulum of rotation type, and verified the 
effectiveness of the nonlinear control scheme through 
simulation and experiment. They assume that the pendulum 
is simple rod for the stabilization of the rotating arm. 
However, there is difficult problem in applying the adaptive 
sliding control to the inverted pendulum, since the input 
number is less than the output number. 
    This study considers the controlled object [4] of such 
parameter change that the pendulum expands and contracts 
under the stabilization. Furthermore, the on-line estimation 
for a few information systems of the input and output is the 

 
Figure 1  Rotation type inverted pendulum system. 

 
difficult problem and important theme in the auto-tuning. 
This paper presents the self-tuning control method [5][6] 
for the rotation type inverted pendulum that the momentum 
of inertia of the pendulum part changes widely [4]. The 
control system prepares two kinds of adaptive controllers, 
and the stabilization of inverted pendulum is achieved by 
separating the control mode to two stages, which are 
unknown transient stage and known stable stage. The 
rotational angle of the pendulum is stabilized by VSS 
adaptive control method to unknown parameter system at 
the first stage, and whole basic parameters are 
simultaneously estimated in the parameter estimation 
system. 

When the designed controller stabilizes the pendulum’s 
angle, the controlled system has little information for the 
estimation of the system parameter. Whole basic 
parameters of the stabilized system are estimated by RLS 
(Recursive Least Square) method under the condition that 
the available disturbance torque [4] is appended to the 
control signal on limited short interval. Furthermore, the 
validity of the convergence decision concerning the 
estimated parameter is verified by calculating the 
eigenvalue [7][8] of the inverted pendulum system. After 
the eigenvalue of the inverted pendulum system converge 
sufficiently, the controller is changed to LQ control at the 
second stage. 
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Figure 2  Schematic drawing of inverted pendulum. 
 
2.   Dynamics of rotation type inverted pendulum 
 
   The inverted pendulum system used in the experiment and 
its schematic drawings are shown in Figure 1 and Figure 2, 
respectively. The rotational arm is directly driven by D.C. 
motor (100V-250W) and also the link of pendulum is 
driven to straight by rack and pinion gear connected to 
small D.C. motor (24V-6.4W). Dynamic equation of such 
rotation type inverted pendulum can be written in the 
following general form  

)()(),()( θθθθθθθθτ &&&&&& DBGCM ++++=  ,             (1) 

where τ  is the motor torques, and θ ,  and  are the joint 
angles, velocities and accelerations, respectively. 

θ& θ&&

)(θM  is 
the inertia matrix,  represents the torques arising 
from centrifugal and Coriolis forces. and
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represent the friction torques acting at rotational joints, and 
the gravitational torques respectively. In the case of 
neglecting the Coulomb friction of the pendulum part, the 
terms in (1) can be obtained as follows: 
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3.   Design of control system 

   The control system prepares adaptive controllers of two 
types. The rotational angle of the pendulum is stabilized by 
VSS adaptive control method to unknown parameter system 
at the first stage. After the eigenvalue of the inverted 

pendulum system converges sufficiently, the controller is 
changed to LQ control at the second stage.  

Link Length：

Mass：

Momentum of inertia:

Gravity acceleration：

Center of balance：
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3.1   Stabilization of pendulum part 

VSS adaptive stabilization system for only rotational angle 
of the pendulum is designed to the linear approximation 
system nearby the origin of equation (1) given by 
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Using the motor torque constant  and the motor current i , 
the input torque  is given by . Equation (4) can 
be rewritten by  
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Let the switching function s as  
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then the system (5) is described as follows: 
θθ cs += & ,                                          (6) 
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where H  is τrlkMH /)(det= ,  represents the equivalent 
disturbance term, and two following vector pairs of both  
and are considered: 
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Using the estimation , the control input i  and the 
adaptation law are given by  

â
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where  is positive scalar value and is constant positive 
definite matrix.  

k Γ

The control system then guarantees the global stability. The 
following candidate of Liapunov function is considered to 
prove this: 

]~~[
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Differentiating , the following result yields )(tV
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)~(~))sgn(( 1 sYaawsks T −−++−= ΓΓ & .                  (13) 
Above second term is removed by the adaptation law. If the 
gain is larger than the absolute value of disturbance , it  k w
leads to 

0)||(||)||()( ≤−−≤−−= wksswsktV& .                       (14) 
Therefore, the conditions of the sliding mode are satisfied 
and the rotational angle 2 of the pendulum converges to 
zero. Furthermore, using the boundary layer thickness

θ
δ , 

undesirable chattering of the switching control law (10) is 
appropriately prevented. 
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3.2   Stabilization of whole parts 

The LQ controller of including the estimation system is 
considered for unknown parameter system. The adaptive 
law of the previous subsection does not give whole basic 
parameters for LQ controller design. Hence, the following 
recursive estimation system is employed for the control 
purpose.  
 
Linear parameterization 

Such linear parameterization as equations (8) and (9) is not 
sufficient for LQ controller design. Therefore, we use linear 
parameterized form described by  
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where the input torque τ  is  and the regressor 
 and the basic parameter 
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In the case with uncertainty in the torque constant, Eq.(15) 
is changed to Eq.(18) because it is useful for the estimation 
of the basic parameter included the torque constant. 
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where the input current i  is . Ti ][ 0=i

Acquisition of regressor 

Only the motor current and the rotational angles are used as 
the measurement data of the inverted pendulum, other 
required motion data like the angular velocities and the 
angular accelerations are obtained by using the low pass 
filter including the derivative filter. When the identification 
system has different sensor dynamics, the estimation 
accuracy generally deteriorates. 
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Figure 3  Acquisition of regressor for estimation system. 

Hence, the filter structure shown in Figure 3 is introduced to 
compensate the difference of the sensor characteristics. The 
necessary motion data  for the 
estimation is obtained by the following various filters [9]. 
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The operation of these filters is also calculated in discrete 
form using the bilinear transformation: 
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Recursive estimation system 

The estimate model is defined as 
                ,                                        (22) )(ˆ)()( kkkv T σΦ=

where and are, respectively, the estimated basic 
parameter and the output of the estimate model, 

)(ˆ kσ )(kv
)(kΦ is the 

regressor of (16).  
The recursive estimation is completed in every sampling 
interval by filling the following motion data  

      .                     (23) )}(),(),(),({: kikkk aaaaa θθθ &&&=∆

The parameter adaptation theorem that ensured the 
asymptotic stability of the parameter convergence is given 
below by the simplified form. The adaptation algorithm is 
also equivalent to RLS estimation. 
 
[Adaptation theorem] Let )(kη  be the parameter error 
defined by 
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If the estimated parameter  is adjusted with )(ˆ kσ
Parameter adjusting: 
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where  , )(00 1−< P 1)(0 ≤< kλ ,  
then, the convergence of the output error is ensured as )(ke
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The weighting sequence )(kλ  is usually chosen within 
1)(98.0 ≤< kλ  and µ  is the constant for adjusting )(kλ . 

We use the following sequence 
µλµλ +−= )()1()( kk .                                                (29) 

 
State equation using the basic parameter 

The basic parameter is obtained by the estimation of the 
nonlinear system mentioned above. In order to apply the 
optimal regulator design, the linear approximation of 
equation (4) can be rewritten to the state equation form 
without the disturbance. Define the input, the output and the 
state variable as ,  and , 
respectively.  Then, the state space expression  
is described by using the estimated basic parameter  as 
follows: 
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Self-tuning control system 

Figure 4 shows the self-tuning control system of the 
inverted pendulum. VSS adaptive controller of previous 
subsection stabilizes the rotational angle of the pendulum at 
the first stage, and the estimation system simultaneously 
estimates basic parameters  in order to prepare to the 
second stage. The feedback gain 

)(ˆ kσ
F is designed by the 

optimal regulator using the system  obtained in 
the estimation part. The eigenvector method based on 
Hamilton matrix quickly solves Riccati equation of LQ 
problem. The proposed self-tuning controller effectively 
stabilizes the inverted pendulum having unknown 
parameters. 

∑ ),,(: CBAS
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Figure 4  Self-tuning control system for inverted pendulum. 

Table1: Basic parameters of inverted pendulum model. 

1σ 3σ2σ 6σ5σ4σ

9.779e-2 5.590e-2 0.2692 2.504e-3 7.410e-4 0.1351
 

 
Table2: Condition of simulation for VSS controller. 

matrix gain

in switching function

 scalar gain

sampling period

boundary layer

Iρ=Γ
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δ

c
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in adaptive law 100=ρ

in saturation function
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4. Simulation of VSS controller and estimation system 

   The validity of the proposed system is verified through 
the numerical simulation. Only VSS adaptive control is 
executed to the inverted pendulum having unknown 
parameters under the condition that the available 
disturbance torque (the amplitude of 1 volt is bipolar and 
the period is also 1 second) is appended to the control signal 
for five seconds from starting. Table1 and Table2 are the 
basic parameter of nonlinear model and the condition used 
in the control simulation, respectively. 
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Figure 5 Rotational Angle of inverted pendulum. 
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Figure 6 Rotational angle of rotating arm. 
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Figure 7  Control input appended the disturbance. 
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Furthermore, it uses vector pair (9) in the control input (10). 
Figure 5 and Figure 6 show the rotational angles of the 
inverted pendulum and the rotating arm, respectively. 
Figure 7 is the control input that appends the disturbance 
mentioned above for the improvement of the estimation 
accuracy. The pendulum never falls down due to the effect 
of VSS adaptive control, though it slightly sways like the 
limit cycle by the disturbance torque. Figure 8 shows the 
estimated basic parameter that is estimated by using 
nonlinear model (22). Finally, Figure 9 and Figure 10 show, 
respectively, the eigenvalue calculated by the estimated 
basic parameter and the feedback gain designed by LQ 
regulator. They are quickly calculated by means of both 
algorithms of Householder's method using the elementary 
Hermitian transformation and QR method using the unitary 
matrix of Givens. These calculations are repeated in every 
sampling interval within 1 [msec]. Table3 is also the 
estimation result that shows a good accuracy based on 
Figure 8.  
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Figure 8  Transition of estimated basic parameter. 
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Figure 9 Transition of eigenvalues of inverted pendulum. 
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Figure 10 Feedback gain calculated by LQR design. 
 

Table3:  Result of recursive estimation. 

1σ̂ 3σ̂2σ̂ 6σ̂5σ̂4σ̂

9.781e-2 5.584e-2 0.2689 1.792e-3 1.120e-3 0.1354
 

 

It is obvious that the preparation of shifting the controller is 
sufficient, though the simulation does not change the 
controller to LQ controller. 
 

5.   Experiment of self-tuning control  

   The experiment of the proposed strategy is executed by 
means of same VSS controller condition as previous section. 
At first, the rotational angle of pendulum is stabilized by 
VSS adaptive control to unknown parameter system with 
setting all zeros of adjustable parameter (11). The available 
disturbance torque for the improvement of the estimation 
accuracy is appended to the control signal for five seconds 
from starting same as case of the simulation. When the 
eigenvalue of the system converges sufficiently, the 
feedback gain similarly converges. Hence, after passage of 
2 seconds from starting, the controller is changed to the 
adaptive LQ controller. Figure 11 and Figure 12 show the 
rotational angles of the inverted pendulum and the rotating 
arm, respectively. Both angles of pendulum and rotating 
arm are appropriately stabilized by means of the proposed 
self-tuning strategy. Figure 13 is the control input that is 
appending the disturbance. Though the controller is 
changed, the appending of the disturbance is continued until 
passage of 5 seconds for the confirmation of the adaptive 
system. Figure 14 shows the estimated basic parameter that 
is estimated by using nonlinear model (22). The time 
constant of the various filter uses  in the 
acquisition of the regressor matrix

fτ 03.0=fτ
)(kΦ . Table4 is one 

example of the estimation result that shows slow fluctuation 
based on Figure 14. Using their basic parameters, one 
optimal feedback gain ]566.3414.29532.1000.1[ −−=F  
is designed by the following weight in LQ regulator: 
           ]110011[diag=Q  ,      1=r .  
Furthermore, Figure 15 and Figure 16 show the eigenvalue 
and the feedback gain, respectively. Slow fluctuation of the 
parameter appears to the estimation of the Figure 14 due to 
the influence of both noise and uncertainty. However, both 
eigenvalue and feedback gain rarely fluctuate compared 
with the parameter transition after passage of 3 seconds.  
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Figure 11  Rotational Angle of inverted pendulum.  
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Figure 12  Rotational angle of rotating arm.  
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Figure 13 Control input with disturbance for only 5 [sec]. 
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Figure 14 Transition of estimated basic parameter. 
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Figure 15 Transition of eigenvalues of inverted pendulum. 
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Figure 16 Feedback gain calculated by LQR design. 
 

Table4: Result of recursive estimation. 

1σ̂ 3σ̂2σ̂ 6σ̂5σ̂4σ̂

6.946e-2 2.283e-3 1.356e-2 0.1320 1.770e-3 0.1256
 

 

Therefore, we will support through the experiment the 
conclusion that the eigenvalue of the system is effective in 
order to judge the convergence of the estimation. 
 
6.   Conclusions 

   This paper presents the self-tuning control method for the 
rotation type inverted pendulum that changes widely the 
momentum of inertia of the pendulum. The proposed 
self-tuning control system prepares two kinds of adaptive 
controllers, and the stabilization of inverted pendulum is 
achieved by separating the control mode to two stages of 
VSS adaptive control and LQ adaptive control. The 
parameter estimation of the inverted pendulum is 
effectively executed in the stage of VSS adaptive control 
and after the eigenvalue of the inverted pendulum system 
converge sufficiently, the controller is changed to the stage 
of LQ adaptive control. The validity of the proposed system 
is demonstrated through some numerical simulations and 
practical experiments. 
 
R eferences 
 
[1] J.-J. E. Slotine and W. Li, “Adaptive manipulator control: A 
Case study”, IEEE Trans. AC-33, No.11, 1988, pp.995-1003. 
[2] T.-P. Leung, Q.-J. Zhou, C.-Y. Su, “An Adaptive Variable 
Structure Model Following Control Design for Robot 
Manipulators”, IEEE Trans. AC-36, No.3, 1991, pp.347-353. 
[3] M. Yamakita, K. Furuta, K. Konohara, J. Hamada & H. 
Kusano, “VSS Adaptive Control Based on Nonlinear Model for 
TITech Pendulum”, IEEE IECON’92, 1992, pp. 1488-1493. 
[4] R. Phornsuk, M. Anabuki & H. Hirata, “Self-Tuning Control 
for Rotational Inverted Pendulum by Eigenvalue Approach”, 
IEEE TENCON’04, 2004, Chiang Mai, pp.542-545. 
[5] K. J. Åström & B. Wittenmark, Adaptive Control, Addison 
Wesley, 1989. 
[6] J.-J. E. Slotine and W. Li, Applied nonlinear control, Prentice 
Holl, 1991. 
[7] D.Kincaid & W.Cheney, Numerical Analysis, Brooks/Cole, 
1991. 
[8] S. NAKAMURA, Applied Numerical Methods with Software, 
Prentice Holl, 1991. 
[9] R.Phornsuk, M.Anabuki & H. Hirata, “Adaptive motion 
control of a two-link Direct Drive Manipulator using disturbance 
observer”, IEEE TENCON’02, 2002, Beijing, pp.1725-1728. 
 
 
 

 - 6 - 


	State equation using the basic parameter


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


